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CLASSIFICATION OF THE INVARIANT SOLUTIONS TO THE EQUATIONS FOR 

THE TWO-DIMENSIONAL TRANSIENT-STATE FLOW OF A GAS 

N. Kh. ibragimov 

Zhurnal Prikladnoi Mekhaniki i Tekhnicheskoi Fiziki, Vol. 7, No. 4, pp. 19-22, 1966 

Here one considers all invariant solutions to the sys- 

tem of equations for two-dimensional gas dynamics: 
G10 c o n s i s t s  of o p e r a t o r s  1 - 1 2  of Tab le  1 and the op-  
e r a t o r s  

Ov 
0-Y + ( v . V ) v  + grad p = 0, 

0p 
0-7 + (v.grad 9) + 9 div v = 0 

Op 
0-5- + (v .grad p) + A div v = 0, 

_ OSlOp\ 
(A = A(p ,  P)------- P0-8/@)* (]) 

Here p is pressure, O is density, S is entropy, and 

v = v(x,y) is the velocity vector, whose components 

are u and v; it is assumed that 3S/~P ~ 0. Two cases 

will be considered. 

Case A: A(p, p) an arbitrary function. 

Case B: A = TP, a polytropic gas with T = constant. 

The principal group of transformations allowed by 

(1) has been given [I], and for case A the basis of the 

corresponding Lie algebra consists of the operators 

0 0 0 0 0 
X~ = -g V ,  X~ = t -g~ + 3 7 , X~ = t -~- + - ~  , 

0 ~ 0 0 
X ~ --  T~  ~ , X ~ = t + x wz + g -~  , 

O 0 0 0 O 
X a = ~ ,  X T = g T ~ - - X ~ y  + V ~ u - - u ~ - v ,  (2) 

while in case B we add to these the operators 

Xs = t ~__f __u O 0 2 0 ~ - - v  ~ + o ~  , 

X~ = 9-0~ + P +  �9 (3) 

T a b l e  1 

x ~ + s x ~  (8=0,  ~)[ s ] x ~ + x , + s x .  
x ~ + s x ~  ( 8 = o , i )  I 9[x~+x~+sx~ 
Xt § X4 + ~tX, (8 = 0, l) [ 10 [ aX~ + ~X7 + Xs + 8X, 
X 2 + X ~ + S X o  ( 6 = 0 ,  t ) |  1t | X I - - X r  
X~ -t- aX~ -t- 8X~ | t2 | X~ 
x , + ~ x ,  / ~3 | x , + ~ x 0  ( ~ = o ,  ~) 
X~ + X~ + ~X~ [ 1 - 

For Y = 2 we add to (2) and (3) the operator 

0 

o o _ 2tp + (4)  + ( g - -  tv) ~ - -  4tp 37 

The  b a s i c  g r o u p  f o r  c a s e  A is  d e n o t e d  by  G 7, wh i l e  

f o r  c a s e  B i t  i s  d e n o t e d  by  Ga f o r  a r b i t r a r y  T and by  

G10 f o r  y = 2. 
T a b l e  1 g i v e s  the  o p t i m a l  s y s t e m  of o n e - p a r a m e t e r  

s u b g r o u p s  of g r o u p  G 9. 

The  o p t i m a l  s y s t e m  of  o n e - p a r a m e t e r  s u b g r o u p s  of 

g r o u p  G 7 c o n s i s t s  of o p e r a t o r s  1 - 7  of T a b l e  I f o r  6 = 

= 0 with o p e r a t o r  X 4 + c~X 6, w h i l e  the  s a m e  f o r  g r o u p  

t4. Xxq- X2 [- XT~.- 6X9-t- Xlo, 

t5. X1 @ I~Xg -~ ~X7 -~ bX 9 -I Xlo . (5) 

Table 2 

Xl, Xo I ~Y4-~- Y6 I iO l 
Xs, X4 8 X.,.,Xa ~2 

Xaq-X~ I t3 
X2 -] aXa t4 X2~-Xs, 

aX~ § BX5 t- Xa 
X~ 
X, + Xs 
~X, ~ X a  i X~ 

The c~ and ~ of the last operator satisfy 0 _< c~ < 2 

andfi_> 0for c~ =0. 

Table 2 gives the optimal system of two-parameter subgroups of 
group GT; Table 4 does the same for group G 9, and subgroups 1-40 of 
Tables 3 and 4 do the same for group G10. 

The form of the invariant solutions of rank unity is 

as follows. These solutions are derived from the two- 

parameter subgroups~ U, V, P, and R are dependent 

on a single argument X, whose expressions in terms 

of t, x, and y vary with the subgroup and are given 

below. The necessary condition for an invariant solu- 

tion is not obeyed for subgroups in which operator Xa 

is one of the forming elements; moreover, the X 9 term 

in all subgroups affects only p and p, and this effect is 

easily allowed for, so X 9 will not be considered. Also, 

I do not consider subgroups in which as one of the form- 

ing elements we haveX I, X 2, X a, X 4, or X 5, since 

these give the stationary and one-dimensional case. 

For instance, the invariant solution for H = (X5) takes 

the form 

y u = U ( t , z ) ,  v = 5 - + V ( t , x ) ,  
1 (t,x), p= (t,x) p = - i - P  - i - R  . 

Then  the H of s y s t e m  (1) is  

Vt -4.- UV x -~- t-iV = O, U t -? UU,: -+- R-'P~. = O, 
Rt + UtG + RU,. = O, Pt + UP.~ + A'U~, = O 

! as /on  
IA' = _ jr 

We h a v e  a s y s t e m  of e q u a t i o n s  f o r  o n e - d i m e n s i o n a l  

m o t i o n  f o r  U, P,  and R, whi le  V is  found  f r o m  

V~ + UI(,.-? t-~V = 0 

with  a known f u n c t i o n  U(t,  x),  so  we  h a v e  to d e a l  wi th  

t he  s o l u t i o n  of e q u a t i o n s  f o r  o n e - d i m e n s i o n a l  m o t i o n .  

For the subgroups of Table 2 we get invariant solutions of the form 

7. ur = U, u,p == V, p = P, p := I~', )~ = r/t . 



1 2  Z H U R N A L  P R I K L A D N O I  M E K H A N I K I  I T E K H N I C H E S K O I  F I Z I K I  

T a b l e  3 

X~, X1 + X~ + X7 + Xao 
X 1 ~-aX6 _1_ ~X 7 _~_ X10 (0/<~ ~. < 2) 

X2 + X~, X~ + ~X~ - -  X7 - -  ctXs + DXo --' X~o (a 4= O) 
X~ + aX~ + ~Xa + 5X9 + X~o - -  X7 

X2 -'- X5 H- Xg, X1 -7- ~zX2 ~-. ~Xa - -  X7 -4- XlO 
X~ --  6Xo, X~ + aX~ + 13X9 + X~o (0 ~ ~ < 2) 
X6 + eX7 - -  X9 + 6X9, X, + ~X~ + ~X7 a. • + X~o (0 ~ ~ < 2) 

Here r and ~ are polar coordinates in the (x, y) plane, whi le  u r and 

u r  are the project ions of the ve loc i ty  on the axes of the polar coordi-  
nates. 

t ~ - -  v (~ + 0 ,~ - -  ~* 
t4. u - -  t . , + c t t _ ~ + U  , v - -  s  -I-V, p = P ,  

~ = R ,  g = t .  

In Tab le  4 we need consider only subgroups 9 -14 :  

9. u r ~ r -1/~ U, % = r-1/#V, p = P ,  p = r~/~B, 

X = tr -(~+1)/~ for [3 4 =0,  

u r = t -~ U, u~ = t-xV, p = P, p = tgB, 

~ . =  r for 13= O, 

~o.u=t+lG-v ,  ~=gVv ,  p = ~ ,  p = v - ~ ,  

~. = t /2  t=g - ~ - x y  -~ ,  

i I .  u = ( ix--g) U, v = x @ (tx--g)V,'  p = P, 

p = ( t z - -y)  -~ B; ;L= t ,  

12. u r = r U, u~ = rg, p = P, p = r-~B, )~ = re t ,  

t3 .  u r = r U, % = rV, p = P, p = r -~ B ,  

~ = t + q ~ + l ~  In r ,  

14. u r ~ r~/a e ~/~ U, % = ra/~e~/~V, P = P,  p = t~r -~ B ,  

~, ~ ra-~tge~ for 6-~ ~ 0 ,  

u r = rt -aU,  u~ = rt-~V, p = P, p = t~r-2B,  

~ . = ( p + a  In r for 6 = 0 .  

For Tab le  3 we have  

e ~ (t) 
3. u = ~ ( u - - t v  + ~r'-), 

e o (t) 
v = x + ~  [ V + t U - - ~ t ( t : + 2 ) l ,  

p e -~~ (t) B 
P ~ ( l + t 2 )  2 ' P =  ( l - b t  i) ' 

4. u =  

~.= ( t x - - Y )  e-~ 
l + t Z  

U "  tV + ~,t ~ + V.~[~t ~o(t) 
t + t~ 2a  ' 

B P 
: p - -  t + t  2,  P = i t + t - ' ) 2  , 

v = x  + v + t g - -  ~'t (t~" 4- 2) + + t a ~- t~O(t)2ct ' 

0 ( t ) = a  arc  tg  . 

6. To avoid compl i ca t ing  the formulas we consider the case a = 

= ~ = 0 :  

rt U V P R 
Ur=t+- t" -  + - ' 7 - ,  u ~ = - - ; - ' ,  p = ( i + t 2 ) 2  , p----~_l_t.z , 

/, 

~ --  V . l  + t ~ 

7. Here also we assume a = $ = 0: 

rt rU rV P 
U r - - i + t 9  -[- l + t  9 , u , ~ = l + t 2  , p =  ( t + t 2 ) 2  , 

R r 
p=--fi-~,  ~ . = q ~ + 6 1 n  

V l + t  ~ 

t 
2 
3 
4 
5 
6 
7 

8 
9 

t0  
t l  
12 
t3  

t4  
15 
t6  
t7 
18 
19 
20 
21 
22 
23 
24 
25 

T a b l e  4 

X1 + Xg, a X t  + X7 
o~Xl ~- X 6 ~- ~X7 - -  X8 

X2 + X  9, X3 + X4 
Xx + aX~ + $X5 

aX2 + {~X.~ + X5 (a = O, 1) 
aX~ + ~Xa + Xs  

X2 -[- XS, •X2 q-X4~-~X32f-6X9 
(8 = o, 1) 

X6 + BX9 
X: + aXg, ~Xs + Xs + 6X9 
X1 + X4, -2X~ + Xs + aX9 
X.2+Xs, -X9 + Xs + ~X9 
X7~-dXg, X1 - -  X9 -~ X8 ~- ~X9 
X1 + X7 + aXg, ~X1 - -  Xs + 

+ Xs + 6X9 
X 6 + ~ X ? + ~ X g ,  ~X7~-Xs-~-sX9 
Xg, X1 + X~ 

X~ + X5 
Xa + aX7 
2:7 
X~ + X7 
X~ + Xs  
X~ + X~ 

aX~ + ~X7 + Xs  
Xx - -  X~ + c, X7 + X~ 

X~, X s  + aX9 
X g +  X s + ~ X 9  

X7 + aXs  + ~X9 
XG-]-uX: + ~Xs-t- 6X., 
X9 

X2, X1 + ctX4 + ~X5 + 6X9 

(;=o, I) = 0 ,  
~ x 4 + X s + ~ X 9  ( ~ = 0 ,  1) 
X 3 +  X 4 + a X o  ( a = O ,  1) 
X a + a X 9  ( a - - 0 ,  1) 
X~ + aX9 (a = 0, 1) 
Xa --  ctX5 + X6 + ~X~ 
X5 4- X6 + aX~ 
X6 + ztX9 
X8 + Xs + aX9 
a x e  + Xs + ~X9 
Xx - -  X6 + Xs + aX9 
Xg 

Xs, X3 + X9 

X3 + X4 + X9 
X4 --/-- arX9 ( ~ = 0 ,  t )  
X3 + Xs + a X9 
aX~ + X6 + ~X9 (a = O, 1) 
X 2 + a X 3 +  X s + ~ X ~  
aX6 + X~ + ~X9 
X9 

X5 + Xg, r + ~X5 + X6 
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The form of the invariant solutions of second rank is also found 
withou~ difficulty. 

As an example we consider the invariant solution corresponding to 
the subgroup H = <XT, X1 "+- X]o>. This has the form 

rt U V R p 
u ' = t + t 2  q - - 7 - '  u~---- '7- '  P - - l §  ' P =  (lq-t2)~ ' 

r 
;" = - -V~ + i#' (6) 

In this case 7 = 2, and the equations of gas dynamics may be in- 
terpreted as those of shallow water, Without loss of generality we may 
consider the density of the water and the acceleration due to gravity 
as unity; then p = p~/2, and p is the height of the water above the even 

base. Consider the motion of the water over a dry base. We substitute 
(6) into (1), as written in polar coordinates, and find one of the so- 
lutions as 

The boundary (p = 0) moves in accordance with r : a]/'{ -t- t 2, 
while the height of the vertex (r = 0) decreases in accordance with 
the law [az/(1 + t2)]/2. The velocity remains bounded, Ur < a. In 
this solution the velocity is a linear function of the coordinates, so 
it is one of the class of solutions found previously by Ovsyannikov [2]. 

I a m  i n d e b t e d  to L.  V. O v s y a n n i k o v  f o r  u s e f u l  a d -  

v i c e  on  t h i s  w o r k .  
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U =  O, V ~ O, R ~1/2 ( a ~ ) ~ ) ,  ,%~a,  a = const, 

This describes the flow of a hill of water; consider now the motion 
over a dry even place of a mass of water that at t = 0 has the form 

O = 1/2 (a2--r2), r ~ a and that is at rest. The solution is 

,, t ( 
1 2 2 w ~  

U r ~ i + t a  , % = 0 ,  p = ~  t + t 2  " 22 F e b r u a r y  1966 N o v o s i b i r s k  


